Abstract-In the wireless sensor networks, an important issue of area coverage is to know how many sensor nodes are needed in a deployment under a certain kind of distribution. In that way, the nodes can be dense enough to form a complete and connected cover of interest area. Another issue that needs to be addressed is the "redundancy of connectivity" caused by the use of the well known sufficient condition that "the communication range is at least twice the sensing range ". In this paper, we show our result in solving these problems, a practical method to form a connected -coverage with a connected dominating set (CDS). By introducing a measure of node density called the biggest vacant square territory (BVST), we prove that the point coverage offered by a CDS implies area coverage of the area of interest. The 1-point-coverage of a CDS with a reduced and a certain number of deploying sensors guarantees -area-coverage, or simply -coverage. Such assurance is verified via a simulation study on the CDS in [7] under random node distribution.
communication range is adjustable before the deployment but its sensing range is always fixed. We assume all the nodes have the same ranges and after the deployment.
An important problem addressed in the literature is the area coverage problem [4] , [11] , [18] : How well do the nodes observe the physical space? In other words, how to have each location in the physical space of interest covered by at least one node (i.e., within the sensing area of at least one node [19] ). As pointed out in [15] , the area coverage, or simply coverage, is a measure of the quality of service (QoS) of the sensing function. For the purposes of accuracy of classification, tracking, and intrusion detection [3] , [10] , [25] , some sensor networks require multiple coverage (i.e., each location covered by nodes [21] ) rather than just 1-coverage. A complete connected -coverage is achieved only if the nodes can k-cover the area of interest and remain connected. Without sufficient coverage, the network cannot guarantee the quality of sensing service. Without network connectivity, nodes may not be able to send data back to the remote base station.
To guarantee coverage, in most existing methods, it is assumed that the nodes are densely deployed and a node can always be found close to a certain location in the interest area within sensing range. For a certain deployment with total nodes deployed, the problem is how big this must be to provide a high confidence of ensuring a complete and connected coverage. This problem cannot be solved in any probability model [9] , [13] , [16] because a probability cannot represent the coverage situation when we pursue the complete coverage. We cannot guarantee the coverage of a position even when the probability is as high as 99.99%. To guarantee the connectivity of coverage, most previous work is based on the sufficient condition that "the communication range is at least twice the sensing range " [19] , [22] , [24] . As the number of coverage required increases, the density of nodes deployed needs to increase and, respectively, more nodes will become neighboring nodes within the communication range. Many communications among those neighboring nodes are redundant for only sending the data of a single node. This issue is also called the "redundancy of connectivity".
In this paper, we present our results in solving these two problems. The contribution is threefold. First, we introduce a localized measure of sensing coverage, vacant square territory, and use the size of the biggest vacant square territory (BVST) as a character of the part of the sensor network covering the area of interest. Second, we prove the connectivity of that part of the network and the existence of its connected dominating set (CDS) given a certain communication range
. We further prove that the point coverage of such a CDS provides a complete connected -coverage. Third, based on this, a practical method applying CDS to form the required coverage is proposed. We study the size of BVST in random node distribution in the deployment. We conclude that with total nodes deployed, the minimum BVST derived from the simulation results ensures a complete connectedcoverage in real applications.
A short summary of our approach follows. First, we study the sensor networks where nodes are randomly deployed to cover the area of interest. The biggest vacant square territory (BVST) with the size of in the area of interest that does not contain any node inside is found (see in Figure 1 ). After that, we prove the connectivity of the network in the area of interest and the existence of its CDS when . Based on the properties of the CDS and the BVST, any square territory with the size of will contain at least one node and we can always find an active CDS node nearby around within the communication range . In other words, we can always find a CDS node within a square territory. If the sensing range of this CDS node is longer than , its sensing area can cover the area of , i.e., such a CDS node will provide 1-coverage to cover . Moreover, if the sensing range of CDS nodes in different nearby squares is longer than their distance to any position in , those active nodes together will provide -coverage to cover . Therefore, given enough nodes, the corresponding BVST size in the area of interest ensures that a connected -coverage can be achieved simply by adjusting the communication range . Our simulation results agree with the above analytical results.
Not just simply connecting all the localized covers [1] , [18] , our approach is to estimate the degree of coverage of the CDS. By reducing the communication range, our approach is to form a dense 1-point-coverage of CDS in such a way that the active nodes are close to each other to provide enough overlaps of area coverage. In this way, the connectivity redundancy can be cut down greatly while keeping a connected -coverage. As we show in the later discussion, the use of CDS can reduce the communication range greatly for only keeping the necessary connectivity while providing the required multiple coverage. A CDS is formed by selecting a few active nodes from a large amount of deployed nodes. This selection of CDS not only reduces the energy consumption of the network, thereby extending the operational lifetime of the network, but also makes the active nodes distributed more evenly so that the effect of odd deployment distribution can be reduced to the minimum, and our estimate of the degree of coverage can be more accurate. It is noted that our approach does not need location information of node and it is distributed and localized.
The remainder of the paper is organized as follows: Section 2 introduces some necessary notations and preliminaries, including the formation of CDS and its dominating (also called 1-point-coverage) and connectivity properties. Section 3 discusses the impact of random node distribution and communication range on the quality of sensing service of a CDS. Based on this discussion, a practical approach to form connected -coverage is proposed. Furthermore, we provide a sufficient condition, how many nodes are needed in the deployment for constructing such a CDS under the random node distribution, to ensure the required -coverage. Section 4 presents the simulation results. Section 5 concludes this paper and provides ideas for future research.
II. PRELIMINARY
With the assumption that all the sensors have the same communication range, a sensor network can be represented by a simple undirected graph , where is a set of vertices (nodes) and is a set of undirected edges. An undirected edge denotes the connection between two neighboring nodes and . The neighbor set of node is defined as . We assume each node has been given a unique number label, . In the following discussion, we use and alternatively to represent such a node. A set is a dominating set of if every node is a neighbor of at least one node , i.e., 1-point-coverage. For example, both the set in Figure 2 The CDS can be constructed in either a global rippling algorithm [14] or a localized pruning algorithm [7] . The CDS nodes will keep active and the other nodes will be scheduled to sleep (i.e., inactive) status. However, the construction is based on a connected graph . In the next section, we will relax the connectivity assumption and ensure the existence of CDS covering the area of interest.
III. CONNECTED -COVERAGE SENSOR NETWORK DERIVED FROM CDS
In this section, we introduce a localized measure of sensing coverage, vacant square territory, and use the size of the biggest vacant square territory (BVST) as a character of the part of the sensor network covering the area of interest. Then, we discusses the relationships among communication range , sensing range , the edge of BVST , and the degree of sensing coverage . Based on this, an ensured deployment with enough number of nodes deployed is proposed to achieve required connected -coverage under the random node distribution.
In a sensor network, the biggest vacant square territory (BVST) is defined as the biggest square territory that does not contain any node inside. The size of BVST is a measure of node density in the sensor networks. It is easy to see that a BVST must have nodes on at least three edges. Otherwise, the BVST can expand in both directions and become a bigger one.
The CDS can be derived from a connected graph . With the information on the edges of the BVST in the sensor networks, we can adjust the communication range to ensure that is connected before we start the construction process (see in Figure 3 ). The following theorem becomes the fundamental block of building a CDS in sensor networks. a node in one subnetwork to another subnetwork is defined as the minimum distance from this node to any node in the second network. The distance between two subnetworks is defined as the minimum distance from any node of the first network to the second network. Assume is the closest connected subnetwork to in in the area of interest. Assume node is the node in that has the minimum distance to , . Assume node is such a node in that its distance to is this . Denote as the square with opposite corners and . A node in cannot appear in since the distance between such a node and will be shorter than . Neither can a node in appear in , because such a node would make the distance from to shorter. If there is a node of another subnetwork in , will not be the closest subnetwork to , which causes a contradiction. Therefore, does not contain any node and , based on the definition of BVST. When , and are connected because and can be connected, which causes a contradiction. In this way, it can be proved that all the subnetworks in the area are connected, i.e., all the nodes in the area are connected.
We have shown that the BVST has at least two nodes on different edges. Because of this, any BVST-size square area, including the edges, should contain at least one node. This ensures the existence of a node in a certain area in the original network . Thus, we provide the following lemma to ensure the existence of an active CDS node in a certain area.
Lemma 1: If the edge of the BVST in the area of interest of a sensor network is and the communication range of all the nodes is , a CDS has at least one active node in any square territory with the size .
Proof: In any square territory with the size , consider the central area with the size of BVST ( ). , including its edges, contains at least one node. After the construction of CDS, because it is dominating, we can always find an active node within the communication range . Therefore, inside this , we can always find an active node.
Based on the above discussion on the existence of active node (CDS node), we can ensure the sensing coverage of a 
Theorem 2 ( -coverage assurance): In the area of interest of a sensor network with communication range , sensing range , and edge of BVST , any position is covered by at least one active node (CDS node) if , and by at least active nodes (CDS nodes) where such that .
Proof: First, we prove that any BVST-size square territory will be covered by at least one active node if . For such square , we can always find a node and a nearby active node within communication range (because of the 1-point-coverage of CDS). The distance between any position in and node is no more than since the size of is . Therefore, the maximum distance between this position and that active node is less than . In this way, the entire area of is covered by that active node if . Then, for each square with BVST-size, it is very easy to find nearby -size square territories (see Figure 5 (b) ). The distance from any node in to a node in the farthest -size square is less than (see Figure 5  (a) ). Therefore, based on Lemma 1, any position in will be covered by active nodes in those -size square territories.
Theorem 2 ensures the complete coverage of the area of interest by CDS nodes with sufficiently large sensing range (i.e., small communication range ). Moreover, if we can ensure the existence of a few active nodes within the sensing range from a position, all these active nodes will cover this position and provide multiple coverage. For simplicity, we assume the deployment area is larger than the area of interest so as to provide the same degree of coverage in the border area.
For example, when the edge of the BVST is no more than and the sensing range is 10 , the communication range should be at least so that a connected network graph can be ensured for the construction of CDS. If all the nodes adjust their communication range to , a 5-coverage can be ensured since . Therefore, , which ensures connected -coverage where (based on Theorem 2).
From the result of Lemma 2, the nodes with sensing range , the communication range , and deployment which leads to will ensure connected 5-coverage ( ). To ensure connected 10-coverage where , set to and keep .
Theorem 3 ( -coverage under node distribution ): In CDS sensor networks with sensing range , once we know the distribution function which ensures the length of the edge of BVST is less than , the communication range
and the node distribution will ensure connected -coverage, where .
Proof: Node distribution leads to . It is easy to prove the rest of the statement based on the results in Lemma 2.
When the required degree of coverage increases, the communication range and the corresponding size of BVST will be reduced. A small planned BVST-size ( ) requires a high node density. It leads to a high expense cost if too many sensors are needed. The use of Theorem 3 will guarantee a cost-effective covering plan. First, calculate the maximum communication range and the maximum size of BVST ( ) allowed (see in Theorem 2). After that, , the total number of nodes deployed under distribution is calculated, where ensures the length of the edge of BVST is less than (see in Figure 6 (b) ). If the number of nodes required is too big, the covering plan will be too expensive to operate. For financial reasons, such a plan will fall through. Then, distribute the sensors to a certain level that ensures no vacant square space will be bigger than . After that, the CDS will guarantee the degree of coverage. The details are shown in Algorithm 1.
For example, if and , and . For the deployment that distributes all the nodes randomly in a 100 100
Proceedings , the covering plan is too expensive to operate and it will fall through. 3) Distribute the sensors under distribution so that no vacant square space will be bigger than . 4) Apply the construction process of CDS, using either a global rippling algorithm [14] or a localized pruning algorithm [7] . 5) The marked nodes (active nodes) are assured to provide connected -coverage. square area, if we know that the BVST size will be no more than 1.380 when at least 20,000 sensors are deployed ( ) and if these 20,000 sensors are within the budget, connected 5-coverage for an interest area inside this square area will be successfully constructed and such a degree of coverage can be guaranteed. If , and . To guarantee the maximum BVST-size 0.4434 0.4434, 225,000 nodes are required to deploy. If the budget only allows for 200,000 sensors, this 42-coverage cannot be guaranteed within the budget and such a coverage plan will fall through.
IV. SIMULATION
In this section, we verify the above analytical results of coverage by using the experimental results from a simulator. The simulation is conducted to test if the coverage can be achieved as promised under the random distribution like throwing sensors from an airplane. It randomly allocates a given number of nodes in a 2-D free space to cover the area of interest inside. First, we study the vacant square space right next to each node in the north in up to 10,000 samples for each case of average density (number of nodes / 2,500 square meters). When BVST for each case happens to be one of these squares, its size can be found in our simulator. Figure 6 (a) shows the results, which suggest that given enough nodes to increase the average node density to a certain level, the BVST in the networks can be ensured within a certain size. For example, the upper bound of the size of BVST is no larger than meter 1.5 meter when we put 5,000 nodes and the average density reaches to 2 nodes/square-meter. This assurance can be seen in Figure 6 (b) , where the node density ranges from 0.3 node/square-meter to 20 nodes/square-meter [17] .
In our randomly deployed networks, the radius of sensing range is set to be 10 meters [20] , [23] , [24] for each node. Before the deployment, for the required degree of coverage, we can determine the communication range and the required size of to ensure the success of construction of CDS. Table I shows our analytical results of the required and (in Lemma 2) for the expected coverage (ranging from 1-coverage to 41-coverage) under random node distribution for the area of interest. To ensure that the size of BVST will not be bigger than , the total number of nodes needed is determined based on Theorem 3 and the results in Figure 6 (b) (i.e., ). The analytical results of this are also shown in Table I for a -coverage ranging from 1 to 41. For expected coverage in this 50 meter 50 meter area, we set up the required communication range and then position as many as nodes. After that, the CDS is constructed by using the pruning algorithm in [7] . To get the experimental results of minimum coverage of this CDS in the area of interest, many detection points (up to per square meter) are allocated in the central area of this 50 meter 50 meter deployment area. At each detection point, we test the number of CDS nodes within the sensing range, i.e., the number of CDS nodes which can cover this position. It is not necessary to test the area close to the edge of the deployment area since, in most real applications, the area of interest will be smaller than the deployment area and is expected to locate in the central part of the latter one. The experimental results of minimum coverage tested are shown in Table I as and verify the correctness of our new protocol when no more than nodes are allowed in the deployment. The experimental results of minimum coverage in Table I show that the expected -coverage can be achieved in the CDS in [7] when . It is noted that the CDS construction in our simulator using pruning algorithm is the simplest one but not optimal. Up to 24% nodes will still remain active in the sensor networks; that is, coverage redundancy may exist. Our protocol can adopt any other CDS while holding the properties of CDS. In other words, our analytical results will be applicable for any sensor network where all the active nodes form a CDS.
V. CONCLUSION
In summary, we proved that the point coverage of CDS in a wireless sensor network implies an area coverage for the entire area of interest. The connectivity assumption for the existence of CDS can be relaxed by adjusting the communication range based on the information of the size of BVST. By such adjustment, our approach processes in a conservative manner, such that each node in the area of interest and its nearby BVST-size area will be covered by at least CDS nodes ( ). In a sensor network under the random node distribution, we provide enough deploying nodes to control the size of BVST, furthermore to ensure the existence of CDS and the corresponding connected -coverage. Our protocol can support any CDS so long as it keeps the properties of connectivity and dominating. As future work, we plan to refine our connectedcoverage protocol by considering the irregular area of interest with "holes".
